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Abstract. For a graph G(V(G),E(G), the problem to find a set S C V(G) where every edge in E(G) is covered 
by least two fixed geodesics between the vertices in S is called the strong doubly edge geodetic problem and the 
cardinality of the smallest such S is the strong doubly edge geodetic number of G. In this paper the computational 
complexity for strong doubly edge geodetic problem is studied and also some bounds for general graphs are 
derived. 
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1. INTRODUCTION 


Consider a graph G(V(G),E(G)), with order |V(G)| and size |E(G)|. An (x—y) geodesic 
is the length of the shortest path between the vertices x and y. For a graph G, the length of the 
maximum geodesic is called the graph diameter, denoted as diam(G). Harary et al introduced 
a graph theoretical parameter in [2] called the geodetic number of a graph and it was further 
studied in [3]. Let [u,v] be the set of all vertices lying on some u — v geodesic of G, and for 
some non empty subset S of V(G), J[S] = Un,esl [u,v]. The set S of vertices of G is called 
~ *Corresponding author 


E-mail address: deepamathew32@ gmail.com 


Received January 27, 2021 
5370 


STRONG DOUBLY EDGE GEODETIC PROBLEM 5371 
a geodetic set of G, if /[S] =V. A geodetic set of minimum cardinality is called minimum 
geodetic set of G. The cardinality of the minimum geodetic set of G is the geodetic number 
g(G) of G. The geodetic set decision problem is NP-complete [12]. The set § C V(G) is an 
edge geodetic cover of G if every edge of G is contained in the geodesic between some pair of 
vertices in S, and the cardinality of minimum edge geodetic cover is called the edge geodetic 
number of G denoted as g;(G) [13]. 
Strong geodetic problem is a variation of geodetic problem and is defined in [10] as follows. 
For a graph G(V(G),E(G)), given a set S C V(G), for each pair of vertices (x,y) CS, x # y, 
let &(x,y) be a selected fixed shortest path between x and y. Let I(S) = {&(x,y): x,y © S} and 
V(i(s)) = Upers)V(P). If V(I(S)) = V for some /(S), then S is called a strong geodetic set . 
The cardinality of the minimum strong geodetic set is the strong geodetic number of G and is 
denoted by sg(G). The strong geodetic problem was later studied in [4][5][6][7][8][9][15].The 
edge version of the strong geodetic problem is defined in [11] i.e. a set S C V(G) is called a 
strong edge geodetic set if for any pair x,y € S a shortest path P,, can be assigned such that 
Urey} <(5)E (P,y) = E(G). The cardinality of the smallest strong edge geodetic set of G is called 
the strong edge geodetic number and is denoted as sg,(G). 
In [16] another variant of geodetic problem named doubly geodetic problem is introduced and 
is defined as follows: For any graph G(V, E) two geodesics g,(x,y) and g,(u,v) are distinct if 
I[gp(x,y¥)] Al [gq(u,v)] where {u,v,x,y} € V(G). A set SC V(G) is called the doubly geodetic 
set if each vertex in V(G)\S lies on at least two geodesics between the vertices in S and the 
cardinality of the smallest such S is the doubly geodetic number of G, denoted as dg(G). Later 
in [17] the edge version of this problem is defined. A set S C V(G)is called a doubly edge 
geodetic set of if each edge e € E(G)\E(S) lies on at least two distinct geodesics of vertices of 
S, where E(S) is the edge set of the sub graph induced by the vertices of S. The doubly edge 


geodetic number dg,(G) is the minimum cardinality of a doubly edge geodetic set. 


2. MOTIVATION 


Smarandache geometries and Smarandache multispaces are sigficant topics in Mathematics. 
In graph theory the study of Smarandache path k— cover is initiated in [1]. Also, in [14] 


Smarandache edge geodetic set is defined. A set T C V(G) is a Smarandache edge geodetic set 
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if each edge in E(G) lies on at least two geodesic between the vertices in T. 

In [11] an urban road network problem is modelled into a graph where the vertices represent 
the bus stops or junctions and the edges represent the roads connecting them, subjected to the 
condition that a road is a geodesic and it is patrolled by a pair of road inspectors by placing 
one inspector at each end. Also, one pair of road inspectors is not assigned to more than one 
road segment. The strong edge geodetic problem is to identify the minimum number of road 
inspectors to patrol the urban road network i.e. each edge is patrolled by at least one pair of 
inspectors. Assume that the inspectors are working under the following condition. In order to 
guard and secure a road(geodesic), there should necessarily be a communication between the 
inspectors who are guarding that particular road(geodesic). Suppose there is a communication 
problem or other network related issues between a pair of inspectors then the edges in the fixed 
geodesic patrolled by that particular pair of inspectors are unsecured. To avoid this situation we 
can arrange at least two pair of inspectors for an edge. In this arrangement, even if one pair of 
inspector had lost the communication, then the other pair of inspectors can guard that particular 


edge. With this motivation the strong doubly edge geodetic set can be defined. 


3. STRONG DOUBLY EDGE GEODETIC NUMBER 


A set S C V(G) is called a strong doubly edge geodetic set of if each edge e € E(G) lies on 
at least two distinct fixed geodesics between vertices of S$. The strong doubly edge geodetic 
number sdg,(G) is the minimum cardinality of a strong doubly edge geodetic set. 

For the graph given in Figure 1: the set {b, f,g} forms a minimum strong edge geodetic set 
whereas the {a,b,c, f,g} is a strong doubly edge geodetic set. Thus sg.(G) = 3 and sdg,(G) = 
5. 

A graph G which has a strong doubly edge geodetic set is called a strong doubly edge geodetic 
graph. The complete graph K,, and the graph (K, — e) are not strong doubly edge geodetic 
graphs. 

A graph may have strong doubly geodetic set but not strong doubly edge geodetic set. For 
example, complete graph K,, is a strong doubly geodetic graph but not a strong doubly edge 
geodetic graph. 


Throughout this paper, we assume G to be a strong doubly edge geodetic graph. 
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FIGURE |. Illustration of Strong doubly edge geodetic number of a graph. 


Result 1. Every simplicial vertices belongs to each strong doubly edge geodetic set. 


Result 2. For a graph G, 3 < sdg.(G) <n. 
The bounds are sharp, i.e.if G = P,, then sdg.(P,) = 3 and for G = Cs, sdg.(Cs) = 5. 


4. COMPUTATIONAL COMPLEXITY 


The proof for the NP-completeness of the strong doubly edge geodetic problem for gen- 
eral graphs can be reduced from the vertex cover problem which is already proved to be NP- 


complete. 


Theorem 1. Strong doubly edge geodetic problem is NP-complete for general graphs. 


Proof. The graph G(V, £) is constructed from a given graph G(V, E) as follows : The vertex set 
V = {a,b} UVUV UV" where V’ induces a clique in G and V" is an independent set of order 
2|V|. The edge set of Gis E = EUE UE’ UE” where E is the edge set of G(V’) which is a 
complete graph with |V| vertices, E” = {w }U{v'v, }U{vv,}: ve Viv EV,v1,15 © VW” and 
E" = {vb} Ufab}: v EV. Refer figure 2. Let X = VU {a}. Since the vertices of V’ U {a} 
forms a set of simplicial vertices and they are the elements of any strong doubly edge geodetic 
set in G. Let T be a vertex cover set of G. We will prove that TUX forms a strong doubly edge 


geodetic set set for G. For v € T and u € N(v), the geodesics v 3 u > u! > iii vousu > iis 


/ / / / 


" ! " " ! " " " 
VOV>V,VOV OWy,a>bdD VV > V,,a> bv Vv > W,V, Vv > > Uy, and 


vi > vu! > uy are the fixed geodesics between the vertices of TUX and they will cover all 
the edges in E(G) at least twice. Thus TUX forms a strong doubly edge geodetic set for G. 
Conversely, assume that A is a strong doubly edge geodetic set of G. If b € A then A* = A\{b} 
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FIGURE 2. Illustration of G and G. 


otherwise A* = A. Clearly, A* is a strong doubly edge geodetic set of G and |A*| < |A|. The 
geodesics between the vertices in VU {a} does not cover any edges in V i.e. A*NV F @. Also, 
if v’ € A then replace v’ by its corresponding vertex v. Let A** = {v\v’ EA} U{ANV} UX. Itis 
straightforward that |A**| < |A*| and A** is a strong doubly edge geodetic set of G. It is easy to 


see that A**\X is a vertex cover set for G. 


5. MAIN RESULTS 


os 2 
Theorem 2. If G(V,£) is a graph with diameter d then sdg.(G) > Geyer ee) aay 


Proof. Let S C V(G) be a minimum strong doubly geodetic set, where |S| = sdg.(G). This 
implies that every e € E(G) lies on at least 2 geodesics between the vertices in S and each 


33 2 
geodesic covers d edges. Thus 2|E| <d ('S!) which in turn implies that sdg.(G) > Gee aE! ee | 


This bound is sharp for the graphs in Figure 3. 
Result 3. For path, P, where n > 3, sdg,(P,) =3. 


Result 4. For cycle C, where n > 5, sdge(C,) =5 
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FIGURE 3. Ilustration of graphs with sdg,(G) = se Pele 
Result 5. For star graph, Kj, where m > 3, sdg.(K eh ni, 
Result 6. For wheel graph, W, where n > 7, sdge(Wn) =n—1. 
Result 7. For fan graph, F) , where m > 7, sdgo(Fi m)=m 


Result 8. For a tree T on / > 3 leaves, sdg.(T) = 1. 


Two edges e, f € E(G) are geodesic if they belong to some shortest path of G and are other- 


wise called non-geodesic edges [11]. 


Theorem 3. Consider a graph G with a set of pairwise non-geodesic edges A. If G—A consists 


convex components then sdg,(G) > la % at where a > 2 is the number of components in 


G—A. 


Proof. Let the components in G—A be G;,G2,...,Gq and S be the strong doubly edge geodetic 

set of G. Also let S; be the strong doubly edge geodetic set of G; and S$; 1S; = @ where i, j € 

[1,2...,a]. As each component of G—A is assumed to be convex, no geodesics between the 

vertices in S; will contain an edge in A. Since Sis assumed to be the strong doubly edge geodetic 

set of G, there exists two geodesic between the vertices of S; and S; where each geodesics 

contains at most one edge from A. This implies that Y |Si||S;| = 2|A|. Also for any positive 
iAj 


real numbers, their arithmetic mean is greater than or equal to their geometric mean, i.e. |S| = 
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Y |Sc| > a¢/ TT |Se|. But for all |S; > 1, TT |Se| > |Si||Sj|- This inequality holds for all (5) 
k=1 k=1 cA 


a x |Si{|Sj| 
pairs i.e. (5) TT [Sz] > ¥ |Si||S;|. Thus |S| > a1] =—.—. From this we get,|S| >a Al On 
k=1 ij (3) (3) 


solving this inequality and considering only the integral part, |S] > E 4'/ oy : 


If a = 2 in the above theorem then the set A is a convex edge cut and hence the following 


theorem. 
Corollary 1. For a graph G with convex edge cut A, sdg.(G) > [2,/2]A]]. 


This bound is sharp for Glued binary trees without randomization G7\(r) and G77(r). The 
glued binary tree G7>(r) is obtained by adding cross edges to each leaves of GT,(r) (Refer 
Figure 4 and Figure 5). For G7\(r), A = 2” and it can be easily verified that sdg.(GT;(r)) = 
[2V2'+1]. Similarly for GI;(r), A = 2’*! and it can be easily verified that sdg¢.(GIy(r)) = 
[4V¥F]. 


FIGURE 4. Illustration of GT; (3) 
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FIGURE 5. Illustration of GT>(3) 


Theorem 4. For three positive integers r,d,a where 4 <r < d < 2randa>=>5, there exists a 


connected graph G with radius(G) = G, diameter(G) = d and sdg,(G) =a. 


ys 
\ . 
ahi RI ‘ 
ere \ 
oat f° 
Vie, 


Wa-2 


dt 
Vr+le v2 


Vre *v3 


FIGURE 6. Graph G with radius(G) = r, diameter(G) = d and sdg,(G) =a. 


Proof. For G = Ka, sdge(G) =a with r=d=1. For G= Kia, sdg-(G) =a with r= 1 
and d= 2. For r => 2, the graph G is constructed by identifying a vertex ug of the path 
P:uo,U1,U2,...,Ug—, With the vertex v; of the cycle C : vj,v2,v3,...,V2,-,¥; and adding new 
vertices W1,W2,...,Wg—2 where each w;,1 <i < a—2 to the vertex vg_,_; (Refer Figure: 6). 
Clearly, the set {w1,w2,...,Wa—2,Ur+1,Va_—r} forms a strong doubly edge geodetic set for G. 


Thus the graph G is obtained where sdg.(G) = a, radius(G) = G and diameter(G) = d. 


Theorem 5. For two positive integers a,b where 5 < a < b, there exists a connected graph G 


with dg.(G) = a and sdg,(G) = b. 
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FIGURE 7. Graph G with dg.(G) = aand sdg.(G) =b 


Proof. Let G be a graph obtained from the path P3: p;,u,, p3 and adding new vertices 

U2, U3y- ++ pW) a1 |sVI5V25+++)Vb—a in such a way that each u;,2 <i< S| andvj,l<j<b-a 
are joined to the vertices p; and p3 respectively. Also, join the vertices w;,w2,...Wg—1 to the 
vertex p; (Refer Figure: 7). It is straightforward to see that S = {w1,w2,...,Wa—1, 3} forms a 
doubly edge geodetic set for G. But S does-not form a strong doubly edge geodetic set for G. 
It can be easily seen that T = SU{v,v2,...,Vp—q} forms a strong doubly edge geodetic set for 


G. Thus dg.(G) = aand sdg,.(G) =b—a+a—1+1=b. 
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